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We study electric quantum walks in two dimensions considering Grover, Alternate, Hadamard,
and DFT quantum walks. In the Grover walk the behaviour under an electric field is easy to
summarize: when the field direction coincides with the x or y axes, it produces a transient trapping
of the probability distribution along the direction of the field, while when it is directed along the
diagonals, a perfect 2D trapping is frustrated. The analysis of the alternate walk helps to understand
the behaviour of the Grover walk as both walks are partially equivalent; in particular, it helps to
understand the role played by the existence of conical intersections in the dispersion relations, as
we show that when these are removed a perfect 2D trapping can occur for suitable directions of the
field. We complete our study with the electric DFT and Hadamard walks in 2D, showing that the
latter can exhibit perfect 2D trapping.
I. INTRODUCTION
The quantum walk (QW) [1–4] is a simple quantum
diffusion model that can be understood as the quan-
tum analog of classical random walks [5], but also as the
discretized version of different wave equations including
the Schro¨dinger [6, 7] and the Dirac [8–10] equations.
Appearing in two basic forms, namely the coined QW
[11, 12] and the continuous QW [13, 14], here we deal
with the former.
Originally introduced by Feynman [15], QWs were re-
discovered many years later by different authors in dif-
ferent contexts [11–14, 16], and maybe not surprisingly
they are finding very diverse applications and unsus-
pected connections, nonetheless the fact that QWs have
been shown to constitute a universal model for quantum
computation in both its continuous [17] and discrete [18]
forms. Along the last decade or so there have been a
number of experimental researches in quite diverse plat-
forms (see [19] for a recent review), including “classical”
devices [20], as QWs can be implemented by using classi-
cal means only, at least for a not too large dimensionality
of the QW [21, 22].
One interesting aspect to consider in QWs is the ef-
fect of external, artificial fields such as gravitational,
magnetic, or electric fields. While gravitational [10] or
magnetic [23, 24] QWs have been considered only re-
cently, electric QWs (EQW) already were considered by
Meyer[26, 27] and have been the subject of continued at-
tention at least for a decade, and are by now quite well
understood in the one dimensional (1D) case [25, 28–32].
We mention also related work on other inhomogeneous
QWs [33, 34].
In the 1D-EQW the quantum walker acquires an addi-
tional phase ϕ (proportional to the applied electric field
amplitude) that depends on the walker position. It turns
out that the behaviour of the 1D–EQW is very sensitive
to the value of the additional phase. While, in general, a
non null ϕ leads (roughly) to localization phenomena, the
detailed behaviour, however, depends on whether ϕ/2pi is
a rational or an irrational number, which somehow con-
nects the 1D-EQW with 2D conductors under the action
of a normal magnetic field, where similar dependences
on the rationality, or not, of a parameter manifest in the
celebrated Hofstadter butterfly [35]. In this article we
go beyond the 1D case and study 2D electric QWs (2D-
EQWs) in some detail, a problem previously considered
in [36] from a different perspective.
The rest of the article organizes as follows: in Section II
we review what is known for 1D-EQWs, and then in Sec-
tion III we study 2D-EQWs. We first consider the Grover
walk, then the alternate 2D-EQW (for which some ana-
lytical results can be derived), and in a last subsection
those using the DFT and the Hadamard coins. In partic-
ular, we can understand what is necessary for a perfect
2D-trapping of the probability distribution: the absence
of conical intersections in the walk dispersion relations.
Finally, in Section IV, we give our main conclusions.
II. ELECTRIC QWS IN 1D
Consider a walker with an attached qubit, the
coin, moving along the one–dimensional infinite lat-
tice. The state at time t can be written as |ψ (t)〉 =∑
x
∑
s ax,s (t) |x, s〉 where x ∈ Z denotes position and
s = ±1 denotes the coin state, so that |ax,s (t)|2 is
the probability of finding the walker at (discrete) time
t at (discrete) position x with coin state s. Of course∑
x
∑
s |ax,s (t)|2 = 1 for all t.
The state evolves according to |ψ (t+ 1)〉 = Uˆϕ |ψ (t)〉
with Uˆϕ the unitary evolution operator
Uˆϕ ≡ eiϕxˆUˆ0 = eiϕxˆSˆCˆ, (1)
being Uˆ0 the standard QW evolution operator and e
iϕxˆ
the electric field unitary. The conditional shift operator
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2reads
Sˆ =
+∞∑
x=−∞
∑
s=±1
|x+ s, s〉 〈x, s| , (2)
the coin operator acts onto the qubit parts of the state
and can be represented by the following matrix
Cˆ =
(
ei(α+β) cos θ ei(α−β) sin θ
−e−i(α−β) sin θ e−i(α+β) cos θ
)
, (3)
wich can be understood as a general unitary rotation
parametrized by the three angles α,β, and θ. It turns
out that the unique dynamically relevant parameter is θ
[42], and setting the phases α and β to zero just fixes
the rotation axis on the Bloch sphere to be the y-axis,
i.e. Cˆ = exp {iθσˆ2} with σˆ2 the second Pauli matrix (for
θ = pi/4 the usual Hadamard coin is recovered). As for Sˆ,
it just modifies the position register one step up (down)
for s = +1(−1). The last part of Uˆϕ represents the ef-
fect of the electric field, which adds a position linearly-
dependent phase to the states as eiϕxˆ |x, s〉 = eiϕx |x, s〉.
It is instructive to move from position to quasi-
momentum k space where Sˆ becomes diagonal with ma-
trix elements exp {ikσˆ3} with σˆ3 the third Pauli matrix.
Hence Sˆ performs a k-dependent rotation of the vector
state around the z-axis of the Bloch sphere. For a local-
ized initial state (which projects on all k values within
the first Brillouin zone -BZ-, k ∈ [−pi, pi]) this means that
each of its frequency components is rotated by a differ-
ent angle. When the electric field is added, its effect
consists in introducing a k-dependent shift of the quasi-
momentum as [31]
exp (iϕxˆ) |ψ(k)〉 = exp (ϕ∂k) |ψ(k)〉 = |ψ (k + ϕ)〉 . (4)
When no electric field is applied (ϕ = 0) the problem
is translational invariant, which allows for the derivation
of dispersion relations ω±(k), with ω+ = ω = −ω− being
ω ∈ [0, pi[ given by [6]
ω = arccos (cos θ cos k) , (5)
which govern the propagation of plane waves, Fig. 1(a).
Contrarily, when ϕ 6= 0 the problem loses the transla-
tional invariance as the unitary becomes position depen-
dent; however, the fact that the action of exp (iϕxˆ) is just
shifting the quasi-momentum by ϕ allows one to visual-
ize the effect of the electric field as a shift of size ϕ along
the horizontal axis, at each walk step, of the original dis-
persion relations. If after p steps the total accumulated
phase is q2pi (with q and p integers) then the dispersion
relation returns to be the same as p steps before, which,
in continuous terms, suggests that the behaviour could
be periodic, specially for small ϕ as the adiabaticity of the
change would avoid Landau–Zener tunneling from one to
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Figure 1: Dispersion relation (DR) of the 1D-QW for θ = pi/4
(a); effective DRs of the 1D-EQW for ϕ = 2pi/p with p = 3
(b) and p = 4 (c).
the other of the two dispersion relation curves [29]. In-
deed the presence of gaps, or pseudo-gaps, serves as a
diagnostic for localization in photonic crystals [37].
However, the problem is discrete, which makes of the
rationality of ϕ/2pi a crucial point, as the dispersion re-
lation only returns to its initial position when it is a ra-
tional ϕ/2pi = q/p.
When ϕ/2pi = q/p there must exist a stroboscopic QW
within the EQW, which has been cleverly exploited by
Cedzich et al. [30] in order to derive an effective disper-
sion relation for the EQW. Their result reads [30]
cosω± (k)|(odd)p = cpθ cos pk, (6)
cosω± (k)|(even)p = (1− cpθ) (−1)1+
p
2 − cpθ cos pk, (7)
with cθ ≡ cos θ, see Fig. 1 (see Appendix A and the
treatment below of the alternate walk for details). The
effective group velocities are computed with vg (k) =
p−1∂ω (k) /∂k, and it is easy to show that the maximum
velocities are given by vmaxg = ±cpθ for odd p (ocurring
at k = pi/2p), and vmaxg = ∓
√
cpθ for even p (ocurring
at k = 0 for p = 4n and k = pi/p for p = 4n + 2 with
n an integer). Notice that now the pseudo-momentum k
runs from −pi/p to +pi/p. It is clear that vmaxg rapidly de-
creases as p increases, hence one expects to see a transient
trapping of the probability distribution, the larger p the
longer its duration, the trapping being imperfect because
the maximum group velocities, even if small, are not null.
This is consistent with the view of Landau-Zener transi-
tions becoming less important when the phase jumps are
smaller [29] but notice that given the discrete nature of
the walk, the (transient) localization can also occur for
sizeable values of ϕ.
Consider now the irrational case. Any irrational num-
ber can be approximated, with arbitrary accuracy, by the
rational number obtained after a suitable truncation of
3the irrational’s continued fraction expansion
ϕ
2pi
= {a0, a1, a2 . . .} ≡ a0 + 1
a1 +
1
a2+...
. (8)
Hence the irrational is approximated to some rational
when the expansion is finite, the closer is the approxi-
mation the more terms the expansion contains [30]. This
means that we can infer the behaviour for the EQW in
the irrational case by thinking about what occurs with its
successively more precise rational approximations. How-
ever, one must keep in mind that in real situations (mea-
surements, computations) rationals and irrationals can-
not be distinguished, as the number of available digits is
always finite.
Consider first the rational case ϕ/2pi = {0, a1} =
1/m1. From the arguments above, one expects the exis-
tence of some periodicity in the evolution of the probabil-
ity distribution, and this is indeed the case: it oscillates
with a period m1 when m1 is odd, and with a period 2m1
when m1 is even (the difference between even and odd
cases lies in that the walker needs two steps for repeating
any position).
Consider now the rational {0, a1, a2} = n2/m2 where
n2 = a2 and m2 = 1 + a1a2. Numerics reveal two pe-
riods in the evolution of the distribution width, one pe-
riod m2 and also a period m1 reminiscent of the case
{0, a1}. For larger sequences {0, a1, a2, a3, . . .} the ten-
dency is the same, with more periods that can be nu-
merically observed and that correspond to the periods of
the subsequent possible truncations of the sequence. Of
course the weights of the different terms an determine
the details of the dynamics, as periods with very differ-
ent orders of magnitude can be simultaneously involved
and, depending on the particular case, the periods are or
not easily seen.
As stated, the continued fraction expansion of an irra-
tional number must contain an infinite number of terms.
Hence, in very general terms, one would expect to see
manifestations of all the periods (there are an infinite
number of them) contained in the successive possible
truncations of the irrational expansion, leading to a quite
complicated dynamics in general that, in any case, man-
ifests as a permanent trapping. The numerics confirm
this and support the conclusion that the probability dis-
tribution is really trapped for irrational values of ϕ/2pi.
This is the fundamental difference between the rational
and the irrational cases: for rationals trapping is tran-
sient and lasts more the larger p is, while for irrationals
the trapping is permanent. We direct the reader to the
thorough study of Cedzich et al. for full details [30] .
III. ELECTRIC QWS IN 2D
Unlike the 1D case, completely characterized by only
four parameters –of which only two (θ, ϕ) are dynami-
cally relevant–, in the 2D case the number of possible
independent parameters is actually too large to try any
general treatment. Multidimensional QWs were first in-
troduced by Mackay et al. [38] who generalized the 1D
definition by endorsing the walker with a 2N -dimensional
qudit, and different walks are defined depending on the
2N ×2N coin operator. The most widely used and stud-
ied 2D-QW is the so-called Grover walk, whose electric
version we will consider first.
In 2D-QWs the walker moves on a 2D lattice and is
endorsed with a four-dimensional coin–qudit, the evolu-
tion being governed by |ψ (t+ 1)〉 = Sˆ2Cˆ2 |ψ (t)〉 with Sˆ2
the conditional 2D-shift and Cˆ2 a coin operator acting
on the four–dimensional qudit. The state of the system
at (discrete) time t can be written as
|ψ (t)〉 =
∑
x,y
∑
s
ax,y,s (t) |x, y; s〉 . (9)
Here |x, y; s〉 = |x, y〉 ⊗ |s〉 with |x, y〉 the state of the
walker on the 2D lattice and |s〉 the coin-qudit. We take
the ordering s = X+, Y−, Y+, X− for s = 1 to 4, respec-
tively. (We refer the reader to Appendix B for a brief
comment about that.) The conditional displacement in
2D reads
Sˆ2 =
∑
x,y
∑
j=±1
[|x+ j, y;Xj〉 〈x, y;Xj |
+ |x, y + j;Yi〉 〈x, y;Yj |], (10)
and the coin operator can be any unitary on the 4D coin
Hilbert space.
A. The Grover 2D-EQW
For the Grover walk the coin operator matrix elements
are
〈j| CˆG |k〉 = 1
2
− δjk, (11)
with j, k = X±, Y±. Grover’s walk dispersion relations
consist of four sheets, two of which are plane (i.e. have a
null group velocity for all k-values within the BZ), while
the other two, non–flat, curves cross at five conical inter-
sections located at the center and corners of the first BZ
(see below the comments to the 2D alternate walk). The
Grover walk is well known and we refer the reader to [7]
and references therein for further details.
We straightforwardly add the electric field to the
Grover walk by using the unitary
Uˆϕx,ϕy = e
iϕxxˆeiϕy yˆSˆ2CˆG. (12)
Note that eiϕxxˆ and eiϕy yˆ commute with both Sˆ2 and
CˆG.
While we have not been able to derive analytical re-
sults for the electric Grover walk, we have arrived to a
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Figure 2: Grover-EQW. Top view of the probability distribu-
tion in the absence of electric field (a), and for electric fields
ϕy = 0 and ϕx = 2pi/120 (b) and ϕx = ϕy = 2pi/120 (c);
where the probabitlity is higher in the darker regions. Figs.
(d) and (e) show the evolution of the probability distribution
standard deviation along the direction in which the trapping is
larger for the cases (b) and (c), respectively. In all cases the
initial coin state is |c〉 = (|X+〉 − |Y−〉 − |Y+〉+ |X−〉) /2 =
1/2 (1,−1,−1, 1) and the walker is initially located at the
origin. This initial state does not project onto the non-
propagating branches of the dispersion relation, notice the
absence of localization in (a), hence the localization effect is
entirely due to the electric field. In (a) and (b) t = 600 while
in (c) t = 1000.
series of conclusions from an extensive numerical study.
First we choose the symmetric initial condition for which
the Grover and Alternate walks are equivalent [7, 40]
(see next subsection), i.e. our initial condition does not
project onto the non-propagating sheets of the dispersion
relation. This initial state is |c0〉 = 2−1 (1,−1,−1, 1) and
in Fig. 2(a) a snapshot of the probability distribution at
t = 600 is shown. (Later on we comment on the effect of
changing the initial coin state.)
From that learned in the 1D-EQW one could expect
that for ϕx = 0 and ϕy 6= 0 (an electric field along the
y-axis) there could be a trapping effect, even if transient,
along the y-axis, but not necessarily so along the x-axis.
The same reasoning holds for the ϕy = 0 case mutatis
mutandi. This is so because the walker moves along the
principal axes (the walker moves, after one step, from
(0,0) to sites (±1, 0) and (0,±1), this is not necessarily
so for other walks), hence the directions of displacement
of the walker coincide with those of the applied electric
field and its orthogonal. This is indeed what the numer-
ical solutions show, see Fig. 2(b), where a snapshot of
the probability distribution is shown for ϕx = 2pi/120
(see caption for details), and Fig. 2(d) that shows the
evolution of the distribution width (s.d.) along the x-
axis, σx. The figure reveals a clear localization that can
be intuitively understood as commented.
When the electric field is oriented along a line differ-
ent from the principal axes things become different. For
ϕx = ϕy = ϕ (i.e., an electric field directed along the
principal diagonal) one could expect two different scenar-
ios: (i) a localization along the principal diagonal (the
direction of the field) and a spreading of the distribu-
tion along the anti-diagonal (similarly to the axial field
case discussed above); but one could also expect (ii) a
localization effect along both the x and y axes (hence an
effective 2D localization) if one thinks that the projec-
tion of the field along x (y) will provoke a localization
along x (y). However, the fact that the walker moves, af-
ter each step, along the principal axes excludes the first
possibility because the field direction does not coincide
with the natural directions of displacement of the walker,
hence the second option should be closer to what actually
occurs.
Even if this is not entirely the case, it is quite close
to it as can be seen in Figs. 2(c) and 2(e) where
we show the probability distribution and its width for
ϕx = ϕy = 2pi/120. It can be appreciated how most
of the probability distribution remains localized, but for
some bursts that, so to say, periodically escape from the
trapping region, the bursts being apparent in Fig. 2(c).
The origin of these imperfections in the 2D-localization
can be traced back to the existence of critical points in
the Grover walk, as around these points interband tran-
sitions cannot be avoided. We delay the discussion about
that to our study of the alternate walk below.
For other inclinations of the field we have observed
complicated dynamics, with the probability distribution
usually alligning with some non-trivial direction with re-
spect to the electric field. See an example below, Fig. 5,
when we consider the electric alternate walk.
We must mention that for initial states other from
the one we have chosen (the one that makes the Grover
walk equivalent to the alternate walk in 2D [40]), the be-
haviour is qualitatively the same, and the main difference
is the existence of a more or less large amount of trap-
ping originated not by the electric field, but by the pro-
jections of the initial condition onto the non-propagating
branches of the dispersion relation. Notice that these
branches are not affected by the electric field, so that
the population that is trapped in those branches would
remain trapped.
As for the influence of the value of ϕ, we have ob-
served that the smaller it is the longer time the localiza-
tion remains, as in the 1D case, but we have not seen any
5clear difference between rationals and “irrationals”. This
could have also been expected, however, because in a 2D
walk the trajectories that the walker can follow are not
forced to run parallel to the direction of the electric field,
as is obviously the case in the 1D walk, hence the depen-
dence on the size of the phase cannot be that critical as
in the 1D case.
Before moving to other 2D walks, let us recall here
that the Grover walk can also be understood as the 1D
walk of two independent and non-interacting bosons. In
this case, the localization along an axis of the walk when
the field is applied along that axis would mean that the
electric field acts directly only on one particle, with the
result that this particle remains at rest (during the tran-
sient localization, of course) while the other particle on
which no electric field acts, follows a quantum walk. On
the other hand, when the field acts equally on the two
particles (case ϕx = ϕy) we see a (transient) co-walking
of the particles as if they formed a molecule [39].
B. Electric Alternate QWs in 2D
The Alternate Quantum Walk (AQW) was introduced
as a simpler way to build a QW on a 2D lattice using
lower dimensional qudit resources than those needed in
the standard 2D walk [40–42].
Consider a quantum walker on a 2D–lattice with a 1D
internal qubit, the basis states being |x, y; s〉 with s = ±1.
In the electric alternate QW in 2D (EAQW) the state
evolves as |ψ (t+ 1)〉 = Uˆϕ1,ϕ2 |ψ (t)〉 where
Uˆϕ1,ϕ2 ≡ ei(ϕxxˆ+ϕy yˆ)Uˆ0,0 = ei(ϕxxˆ+ϕy yˆ)SˆyCˆySˆxCˆx.
(13)
being Sˆj the conditional displacement along axis j = x, y,
and Cˆj given by (3) with α = β, and with, in general,
different angles θx and θy. As in the electric Grover walk,
we can set the two phases ϕx and ϕy together at the end
of the operator because of compatibility.
For ϕx = ϕy = 0, the usual alternate QW [40, 41] is
recovered, whose dispersion relations [42] are
cosω± = cos (kx + ky) cos θx cos θy
− cos (kx − ky) sin θx sin θy. (14)
In the usual case Cˆx = Cˆy = Hˆ (i.e., when the two coins
are Hadamard transformations) the dispersion relations
show a gap-less band structure with conical intersections
(diabolical points), Fig. 3(a). (The implications in the
evolution of the system of these conical intersections has
been analyzed in detail in [7, 42].) These dispersion re-
lations, if rotated by pi/4, are the same as the two non–
plane sheets of the Grover’s 2D walk dispersion relations;
hence, if an initial condition is chosen (in the Grover’s
walk) such that it does not project on the plane sheets,
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(c) 
Fig.	  3.	  DRs	  of	  the	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  p	  =	  9	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  and	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  and	  (d).	  In	  (d)	  θ1(2)	  =	  	  
π/4	  ± 0.1.	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Figure 3: Dispersion relations of the AQW in 2D (a), and
effective dispersion relations of the AEQW with ϕx = 2pi/p
and ϕy = 0 for p = 9 (b) and p = 8 (c) and (d). In (b) and
(c) we have taken θ1,2 = pi/4 ± δθ with δθ = 0, while in (d)
δθ = 0.05.
the Grover walk and the alternate walks become equiv-
alent in 2D except for the pi/4 rotation of the walk axes
[42]. This is what we did in the previous section.
Consider now the simplest case of an electric field di-
rected along one of the principal axes, say ϕy = 0.
We reason along the same lines as in the 1D case [30]
and first show that Uˆpϕx,0 is translational invariant when
ϕx = 2piq/p: It is easy to see that
Uˆϕx,0 (kx, ky) |ψ (kx, ky)〉 =
Uˆ0,0 (kx + ϕx, ky) |ψ (kx + ϕx, ky)〉 , (15)
from which a similar reasoning to that in the 1D case [30]
leads to
Uˆpϕx,0 (kx, kx) = Uˆ0,0 (kx + ϕx, ky)
Uˆ0,0 (kx + 2ϕx, ky) . . . U0,0 (kx + pϕx, ky)
= SˆxUˆ0,0 (kx, ky) Sˆ
2
xUˆ0,0 (kx, ky)
. . . SˆpxUˆ0,0 (kx, ky) , (16)
which has been written in a form suitable to apply the
Lemma used by Cedzich et al. [30] (see Appendix A
for details). Finally one gets the stroboscopic dispersion
6relations
cosω± (k)|(odd)p = |r|p cos
[
p arccos
(
Re (r)
|r|
)]
, (17)
cosω± (k)|(even)p = − |r|p cos
[
p arccos
(
Re (r)
|r|
)]
+
(−1) p2+1 (1− |r|p) , (18)
with
r = eikx
(
cθxcθye
iky − sθxsθye−iky
)
, (19)
and sθx = sin θx, etc. From ω± (k) the group velocities
are easily obtained as vg = (1/p)∂ω/∂k, we do not give
them because of their length.
In Figs. 3 we represent these effective dispersion rela-
tions for p = 9, Fig. 3(b), and p = 8, Figs. 3(c) and (d);
where we took θx,y = pi/4 ± δθ with δθ = 0 in (b) and
(c), and δθ = 0.05 in (d). We have chosen small values
for p in order to easily visualize the curves, as the slopes
quickly increase as p does, and for larger p it is difficult
to see the details. We see that the conical intersections
of the original dispersion relation survive with the elec-
tric field, and we see that a non–null δθ breaks these
degeneracies [42]. Hence one must expect large changes
in the dynamics depending on whether δθ = (θx − θy)/2
is null or not. In any case, notice that for most k val-
ues there are wide plateaus in the effective dispersion
relations in which the group velocities are relatively very
small. Moreover, the plateaus become wider as p is in-
creased, so that the smallness of the group velocity across
most of the k-space is a most remarkable feature. Notice
finally that ky now runs from −pi/2p to pi/2p. Apart from
these very general considerations, not much information
can be extracted from the dispersion relations when the
initial state is localized in space, as it is our present case,
as the effect of interferences on the propagation of each
frequency component cannot be easily devised.
In order to study numerically the behaviour of the
EAQW it is convenient to make use of the partial equiv-
alence with the Grover walk, keeping in mind the pi/4 ro-
tation between the two walks. This rotation reflects the
fact that the directions of displacement of the walker do
not coincide with the principal axes, but with the diago-
nals, as at each step the walker is displaced along both x
and y. This implies that when a field is added along, say,
y, this actually means that the walker acquires a phase
ϕ at both x and y displacements, which is equivalent to
the action of a field of amplitude 2ϕ directed along the
main diagonal in the electric Grover walk.
The pi/4 rotation manifests in the numerical results:
The plots shown in Fig. 2 above for the Grover walk with
fields of amplitude ϕ along x, in Fig. 2(b), and along
the main diagonal, in Fig. 2(c), apply to the EAQW
with 2ϕ fields along the diagonal and along the x-axis,
respectively, if rotated 45 degrees.
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Figure 4: AEQW. Evolution of the probability distribution
width along the principal axes, (a) and (b), and the diagonals,
(c) and (d), for ϕx = 2pi/120 and ϕy = 0. In all cases three
different values of δθ (= 0, 0.1, and 0.2; curves with higher
to lower values at t = 1000) have been considered, where
θx,y = pi/4± δθ.
However the alternate walk allows one extra degree
of freedom, because when θx is taken different from θy,
the conical degeneracies are removed, which allows to see
their influence
In Figs. 4 we represent the evolution of the distribution
width, along both the principal axes and the diagonals,
for three values of δθ and for a field ϕx = 2pi/120 and
ϕy = 0. The case δθ = 0 reveals that there is a transient
trapping along the y-axis. When the conical intersections
are lifted for δθ 6= 0 the progressive appearance of a per-
fect trapping along all four axes is clear. Again, this is
consistent with the view that Landau-Zener transitions
become less likely the larger is the energy gap.
We have also investigated the effect of tilted fields, and
in Fig. 5 we show results for the case ϕx = 2ϕy = 2pi/120.
The figure reveals that also in this case there occurs a per-
fect trapping when δθ is large enough, which emphasizes
the role played by the conical intersections.
C. Other EQWs in 2D: DFT and Hadamard coins
As deriving general analytical results with electric
fields is beyond reach in this case, looking at the walk
dispersion relation seems the obvious simple choice, as if
they contain diabolical points one can expect a behaviour
similar to that of the Grover walk, while a perfect 2D
trapping for some appropriate field direction could be
expected when there are no conical intersections.
Let us consider first the 2D-DFT walk, whose coin
reads
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Figure 5: AEQW. Top figure is a snapshot of the probability
distribution for ϕx = 2ϕy = 2pi/120 at t = 600. The rest of
the figures show, as in Fig. 4, the evolution of the probability
distribution width.
CˆDFT =
1
2

1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i
 . (20)
The dispersion relations are not explicit and are obtained
by numercically solving
cos 2ω + 2 sin 2ω = cos (kx − ky) +
2 (sinω + sin kx + sin ky + cos kx + cos ky) sinω (21)
see Fig. 6. It consists of four sheets with several con-
ical intersections and a lesser degree of symmetry than
the Grover walk. In Fig. 6(b) we have represented the
probability distribution at t = 600, see caption.
The effect of the electric field on the DFT-walk is sim-
ilar to that in the Grover walk, at least qualitatively, as
it can be seen by comparing Figs. 7 and 2. Clearly the
trapping capacity when the field is along the diagonal
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Figure 6: Dispersion relation of the DFT-QW in 2D (a), and
a snapshot of the probability distribution at t = 600 (b). The
initial coin state is |c〉 = 1/2 (1, i, i,−1).
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Figure 7: Electric DFT walk in 2D. In Figs. (a) and (c) the
electric field is ϕx = 2pi/120 and ϕy = 0, whilst in Figs. (b)
and (d) the electric field is ϕx = ϕy = 2pi/120. The initial
state is as in Fig. 6 and t = 600.
is much smaller in the DFT coin. Hence, we conclude
that the electric-DFT walk is very similar to the elec-
tric Grover-walk, the differences beeing more quantita-
tive than qualitative.
Let us finally consider the Hadamard walk, whose coin
is defined as CˆH2 = Hˆ ⊗ Hˆ, i.e.
CˆH2 =
1
2

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1
 , (22)
which is a separable coin when acting on vector |s〉 =
col(X+, Y−, Y+, X−) [38] (see Appendix B). Its dispersion
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ω/π	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Figure 8: Dispersion relation of the Hadamard-QW in 2D (a),
and snapshot of the probability distribution at t = 600 (b).
The initial coin state is |c〉 = 1/2 (1, i, i,−1).
relation reads [44]
cosω1,2 =
1
4
[
cos kx − cos ky ∓
√S + 8
]
, (23)
S = cos2 kx + cos2 ky + 6 cos kx cos ky, (24)
and its four sheets can be seen in Fig. 8, that appear
distributed by pairs that intersect along a line within
each pair, but the two pairs are well separated by a clear
gap.
The effect of the electric field on this walk is sharper
than in any of the previous ones but the alternate walk
with different angles in the two coin operations. Now we
see clear 1D or 2D trapping depending on the direction
of the field as Figs. 9 and 10 illustrate. Figs. 9 show the
behaviour for a field directed along the main diagonal,
which produces a sharp diagonal trapping, while in Fig.
10 it is shown how a field directed along the x-axis pro-
duces a sharp 2D trapping. The behaviour reveals that
in this Hadamard walk the main directions of propaga-
tion do not coincide with those of the main axes. The
2D-Hadamard electric walk confirms the role played by
conical intersections in the dispersion relations leading
to the conclussion that perfect 2D trapping can occur if
such diabolical points are removed.
IV. CONCLUSIONS
After a suitable review of the one dimensional case, we
have addressed the study of electric quantum walks in
two dimensions. The easiest one to understand in intu-
itive terms is the Grover walk: a field along the principal
axes produces trapping along the field axis, and when
the field acts along the diagonals, a frustrated 2D trap-
ping occurs. The reason for the frustration lies in the
existence of conical intersections in the Grover walk dis-
persion relations, which we have confirmed through the
analysis of the alternate electric QW. As the two walks
are equivalent after a pi/4 rotation of the principal axes,
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Figure 9: Electric Hadamard-QW in 2D when the electric
field is ϕx = 2pi/120 and ϕy = 0. (a) shows a snapshot of the
probability distribution at t = 1000, and (b) the evolution of
its width. The initial coin state is |c〉 = 1/2(1, i, i,−1).
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Figure 10: Evolution of the probability distribution width for
the electric Hadamard-QW in 2D when the electric field is
ϕx = ϕy = 2pi/120. A perfect 2D trapping is apparent.
the behaviour of the alternate electric walk is somewhat
counter-intuitive at first sight as the field seems to be ro-
tated by pi/4. We have also addressed the two other pop-
ular 2D walks, namely the Hadamard and DFT walks.
In our analysis of the alternate walk we have shown
that when the two coin operations within each step are
not identical, which removes conical intersections, the
effect of the electric field can lead to a perfect 2D lo-
calization, a result confirmed by the behaviour of the
Hadamard walk that exhibits perfect 2D trapping for ap-
propriate field direction.
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V. APPENDIX A
Cedzich et al. [30] introduce the following Lemma. Let
m ∈ N and let η be a primitive m-th root of unity. Now
consider the matrices
Aˆ =
(
a b
c d
)
, Rˆ =
(
η 0
0 η−1
)
, (25)
and set
τm = Tr
[
AˆRˆ0AˆRˆ1 . . . AˆRˆm−1
]
, (26)
then it can be demonstrated that
τ (odd)m = a
m + dm, (27)
τ (even)m = − (am + dm) + 2 (−1)m/2
×
[
(ad)
m/2 − (detA)m/2
]
. (28)
In order to apply the Lemma we need the matrix ele-
ments of Uˆ0,0 (kx, ky), wich can be written as
Uˆ0,0 (kx, ky) =
(
a b
−b∗ a∗
)
, (29)
a = ei(kx+ky) cos θx cos θy − ei(kx−ky) sin θx sin θy, (30)
b = ei(kx+ky) sin θx cos θy + e
i(kx−ky) cos θx sin θy, (31)
and then from the trace τp = a
p + (a∗)p one gets the
dispersion relations
cos [ω± (k)]|(odd)p = |a|p cosβ, (32)
cos [ω± (k)]|(even)p = (−1)
p
2+1 (1− |a|p)− |a|p cosβ, (33)
β ≡ p arccos
(
Re (a)
|a|
)
. (34)
VI. APPENDIX B
Multidimensional QWs can be defined in different
ways. In the original definition [38] the ordering of
the coin elements is taken from the tensor product of
two qubits: if col (x+, x−) and col (y+, y−) are these
qubits, then the tensor product qudit has elements
col (x+y+, x+y−, x−y+, x−y−).
It is natural to interpret x+y+ (x−y−) as the posi-
tive (negative) direction of the main diagonal and x+y−
(x−y+) as the negative (positive) direction of the antidi-
agonal, so that one can write the coin vector components
as col (d+, a−, a+, d−) with d (a) standing for diagonal
(antidiagonal). This is the ordering chosen by, e.g., [38].
However the above choice seems to leave unoccupied po-
sitions on the plane, and it is also natural to avoid this
by rotating clockwise the displacement directions by 45º,
so that the coin vector is written as col (x+, y−, y+, x−),
which is the choice made, e.g., by [44] and that we have
also followed. Of course the two choices are equivalent,
but for a 45º rotation.
But the above orderings are not mandatory and one
can order the coin components at will. For example,
in [7] we chose the ordering col (x+, x−, y+, y−), mainly
because it admits a straightforward notation in the gen-
eralization to higher dimensional QWs.
This can be confusing, of course, as authors do not use
to specify which ordering have they chosen, which makes
sometimes difficult to translate the results of different ar-
ticles. For example, if one uses the definitions of [38, 44],
the Hadamard coin expression is that given in the main
text, Eq. (22), that is designed to be a separable ma-
trix, but if the same matrix is applied to other ordering,
e.g. ours in [7], then one is not implementing a separable
operator, and one is indeed making a different QW. In
fact, if one is willing to implement the Hadamard walk
with the ordering of the coin elements in [7], the correct
matrix must be written as
CˆH′ =
1
2

1 1 1 1
1 1 −1 −1
1 −1 −1 1
1 −1 1 −1
 , (35)
which is obtained by permuting the second and fourth
indexes of matrix (22), as this is the difference between
the two orderings we have discussed. It is fortunate the
fact that the Grover coin has the same expression ir-
respectively of the ordering chosen for the coin vector
elements.
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